
Lecture 1

Dynamics in Minkowski spacetime



Plan for the lecture
-

• Systemof units

• Particle mechanics in Minkowski spacetime

• Electrodynamics in relativistic notation



Systemofunits
Main physical quantities : length ,

Time
,

mass
,
Temperature

SI units : m .

S kg
K

Fundamental constants of Nature :

• Speed of light c = 3*108 m/s

. Planck constant t=z÷ = 1.05×10-34 agents

• Newton Constant G = 6.67×15
"

m
'

Kj 's - Z

. Boltzmann constant KB = 1.38×10-23 m

'

Kgs
-

2

K
"

Why are the fundamental constants so small I large in SI units ?

→ Hierarchy problem



Systemofunits
Main physical quantities : length ,

Time
,

mass
,
Temperature

SI units : m .

S kg
K

Planck units : ↳ =IhET=1,tp=¥=t
, Mp=t¥=i , MI÷=1

I

simpler formulas

Fundamental constant of Nature :

• Speed of light c = 3*108 m/s = 1

. Planck constant t=z÷ = 1.05×10-34 kgm 's = I

• Newton Constant G = 6.67×15
"

m
'

Kj 's "

= I

• Boltzmann constant KB = 1.38×10-23 m

'

Kgs
-

2

K
"

= I



Systemofunits
Main physical quantities : length ,

Time
,

mass
,
Temperature

SI units : m .

S kg
K

Planck units : I 1 I I

HEP units : Ger
'

Get
'

GeV GeV

High Energy Physics

Fundamental constants of Nature :

• Speed of light c = 3*108 m/s = I = I

. Planck constant t=z÷ = 1.05×10-34 kgm 's = I = 1

• Newton Constant G = 6.67×15
"

m
'

Kj 's "

= 1 = Mj
'

[ 1.22×10
' '

GeV ]
- Z

. Boltzmann constant KB = 1.38×10-23 m

'

Kgs
- 2K "

= 1 =L



Systemofunits
Main physical quantities : length ,

Time
,

mass
,
Temperature

SI units : m .

S kg
K

Planck units : I 1 I I

HEP units : Get
' '

Ger
'

GeV GeV

£109 electron
. Volt

High Energy Physics ( HET ) units are well
adapted

to particle physics  :

proton 's mass  O
. 938 GeV

proton radius I 4.3 GeV
"

⇒ Powerful physical estimates
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Minkowski Spacetime
t

- - yo  
= It

4 - Vector Xr
, metro ,

1.2.33
(

x
"

= Eli
,

it H"
×o=

time
.

'

Interval : sii = Xi- xi
,

-

I
pike .

-

Diz =

you
sii si.

= - Hitz)
'

+ ⇐- Iz )
' Eee"-

. the
" '

[ Minkowski metricgo sR2 a ×
i

,

'
I spaceto:÷:L .

.

.

.

'

-

- I

Diz so : Dm is a
time - like vector

spa -

.

o : a
"  " null or high like vector

biz > o :
" "  " spacelike vector

Suppose bit so then there is a tram where Diz = ( IV-47,0 )

Proper
time : se = V- time in the rest frame



Minkowski Spacetime-

1

4- Vector XM
,y ⇐fo, ,2,33 ×°=  It

,

Xi = C Ili
,

iet :3 ' }

I

Particle trajectory : Kcal x :
I XEIR

arbitrary parameter X11

Proper time n

ai -

-
- mud " " :i÷÷÷÷?

" " " / " i

J

Action :

-
S = - ySde = - mfdxV-q.ddtfdd.FI

mass



Symmetries
-

SIXTH] = - m Jd > V - y,udX÷dx÷V d d

•

theparametrizationinvariance
> = flat

,
fto , so

ITH = Mx -

- Hoi )

Check : SIXTH] = SIXTH ]

• Translation invariance
-

S [ Hint am ] = S [ Has ]

9constant
Vector



• Lorentzian constant matrix
✓

SC Na x4n ] = Scan )

Mm
Na in = Map

rent boost ( along x
' I

Rotation÷÷÷lmy ::o)
Z =  q?- RE 013 ) RRT = 13×3



Non - relativistic limit
- -

SIXTH] = - m f d > V -

mmd×÷
V d d

Choose X = Xo
= t

I J = DI
s = - m fdt V I - V

, at

NR kinetic energy

I Ilsa c -

- I M

S = - m fat [ 1 - I J
'

t oui
"

) ) = fat f - m t 's mi
'

t ON
"

) )

Sm,
= fdt Im ⇒ Eon : E = o

symmetries :{ t.EE!"

,

:

III.
"

I:* '

,

area
. .

Galilean boosts : I - I + It



Symmetries

Newtonian Mechanics Space and rotations

Gains
'

-

mi = - I
,

= - Fa.

UH till Time
xa →

Rabi
''

I → I + It
Translations

# -

RTR = I
force from 2- bod

'd 'outfit!!  # it I →  I + I
peocz , §¥¥

t  → tt to

9 Lorentz Boosts
Minkowski Spacetime orthogonal -

matrix g

#  of parameters = 4 3 3

011,3 ) = f AEGLC 4,112 ) :hmm=p } of

Rotations (
Lorentz Boosts

Lorentz group
= -

s -
-  -

P general linear
l

diag C-1,1111
I -0 sign ,

3 to signs 4x4

Poincaegroup= Lorentz group t Translations a- no parameters

X
'M

= Nv X
"

-1
'bn

,

AE 011,37
,

KEIR "



Charged Particle in external EM field
,

4- vector potential : An -_f&
,
A )

- -

.
S =  - m fdr + q JA,d×m

⇒ An -_

Myra
! f-  I

,

A )

S[xcxD=fdrf-mf-ymdatffft-qmy.AT#lad'I/Itfdtf-mViI'
- attain )

. theparametrization inv
.

✓

• Lorentz  inv . ×m= Mr Iv Ahn = N r
ATI )

X !
• Gauge inv . A

,
→ An t 2nd et -

- - o

^

S → S + g fold 2nd = Stg @Htitt ) - Haiti ) / ,
,

,

dI n

di

⇒FOM only depend on local
gauge inv .  comb

.

: Fau = fatty - ZAN
t

"
- -

- - •



Wisdom of  the day

You will not be happy when 
you get what you want.

See www.williambirvine.com for a modern stoic.



Lecture 2

Electrodynamics in Minkowski spacetime



Where were we ?



Systemofunits
Main physical quantities : length ,

Time
,

mass
,
Temperature

SI units : m .

S kg
K

Planck units : I 1 I I

HEP units : Ger
'

Get
'

GeV GeV

High Energy Physics

Fundamental constants of Nature :

• Speed of light c = 3*108 m/s = I = I

. Planck constant t=z÷ = 1.05×10-34 kgm 's = I = 1

• Newton Constant G = 6.67×15
"

m
'

Kj 's "

= 1 = Mj
'

[ 1.22×10
' '

GeV ]
- Z

. Boltzmann constant KB = 1.38×10-23 m

'

Kgs
- 2K "

= 1 =L



Symmetries

Newtonian Mechanics Space and rotations

Gains
'

-

mi = - I
,

= - Fa.

UH till Time
xa →

Rabi
''

I → I + It
Translations

# -

RTR = I
force from 2- bod

'd 'outfit!!  # it I →  I + I
peocz , §¥¥

t  → tt to

9 Lorentz Boosts
Minkowski Spacetime orthogonal -

matrix g

#  of parameters = 4 3 3

011,3 ) = f AEGLC 4,112 ) :hmm=p } of

Rotations (
Lorentz Boosts

Lorentz group
= -

s -
-  -

P general linear
l

diag C-1,1111
I -0 sign ,

3 to signs 4x4

Poincaegroup= Lorentz group t Translations a- no parameters

X
'M

= Nv X
"

-1
'bn

,

AE 011,37
,

KEIR "



fheargedpartideinexternaltmfield ,
4- vector potential : An -f&

,
A )

✓ ⇒ A
,

-_mµA¥f§
,

E)
S =  - m f de t 9 JA

,
dxn =

sung -_fdrf-mf-ymdatffft-iqmy.AT#lad'I/Itfdtf-mViI'
- gastrin )

. theparametrization inv
.

✓

• Lorentz  inv .

×i=n%×v
An

in
=

Air
ATX )

X !
• Gauge inv . A

,
→ An that et -

- - o^X%1
S → S-iq@Ht.tt) - acxiitil ) / ,

,
,

^

⇒FOM only depend on local
gauge inv .  comb

.

: Fau = fatty - ZAN
t

"
- -

- - •



EOMSCXI= fdxf.im/-ymI7xtqAnlxmXr) .  =£,

85=51×+8×3 - Stx ] =

A.nl/HsHm=fdxf-mf-yjxW-2yms.xnii-iocsxT-igAnsM-i9fsx?;!) in ] - say

= fdxfmnhvs.lt#-+gArsiiMtq8xv2rAnlinJ-0Csx7V-ymxnx
' -

✓ gxnfq Er -19T # %) AnBn=
w

-staff tinny
qiu FM = At By

E- darken)

85=0 ⇒ mddjff.IT#)=qf~.xu Lorentz force



✓ Ztt = TE t I # t Oft
' )

mdfff.IT#-/=gHx.u
! if a = z proper

time ddI =

gun ,
u 've -1

m ÷F= g Find
4- velocity

de



mad, ÷i⇒=q # x:

Exercise : Show that choosing D= Xo -

- t leads to  :

µ=i ⇒ dat fmri) = gfExists )
w 4-  momentum

F

to ⇒ da Cmr) = a
E. T pr=mddt÷=mHhT)

in

p°

where we used

J = DI
,

r= Ivf ,
A

^

= ( &
,

I )
dt

F
"

=  - Foi  =  - (2. Ai - 2
,

- Ao ) =
- HF) i

- ⇐d)
i

= (E)i

Fit =  . .
.

 = Eijn (B)
k



Plan for the lecture
-

•
Tensors and Lorentz transformations

• Electrodynamics in relativistic notation

• The
energy

-
momentum tensor



Tensors-andl-orentztransformet.io# tin= If! # s :
A  a

NA zen = µ ✓
a

"
.  va

I constant matrix such that N an n7µ .

-

- Man

Matrix notation : Nyn -

- y s ⇒ mint = y
- '

a ⇒ on ; mm noir -

- nd "

an ni
'

n' g-. a ⇐ inner -
- s :

Vector field JY×, →JY×y= N'
u

JH

Corrector field is a linear map on
the

space of vectors field

w ( J ) =
winJrcx

)
s www.lJYxt-wn.int ! Thx ,

-

Wix )

N
'

v wa. Cx
' ) = wvlxl



tensors .am#tztransformetions

am ts an
'

= N
'

un
"

Mka B
p

I c x 't= Mu JIN µwww.lxt-uflx) ④

indices can be lowered or raised with the metric :

example : A
" B

"

yµ N
'

a
At Nj Bn

Miu , =
At B

"

Yap
- - -
N u

'
v

'

A B
BM

transforms  as  a  co -
vector

qq.iiymmiwr.CH-waxing ,

i' an
"

- -

yr 'M ill

✓ My ,

✓

( inverse LT .
)

wyd " I " '

µ
,

,
= daffy fnotation  of 5. Carrol )



tensors .am#tztransformations

am ts an
'

= N
'

un
"

More general tensor field

T r " im
" .

.nu- T
"

"
 -

in.

.  µ
cattin

,

.
.  . Nim An:

"

. .  .
A

,

"
T

" "

!veal
One can make new tensors using index contractions :

T
"

up
= Vy co vector



ma
current  4 - Vector

EodYmms=
gduxf.iq Emf

"
+ A

,
Tn ] J " Ge'

carat
charge density

density

= fdtfdxf.EE- IB
'

- Ep + I.I ]

EOM : 225A-28¥

SS = SC Ants An ] - SCAM = Jdk [ - IFM Sfm t J
'

SAR )

-

- Sd"sH2÷Mn
. . www.t.in . "%÷

Fm = q An - K An ⇒ ZaFm ,
= 0

( antisymmetric



TH. .  .any =n÷p§Tea
,  

- a , a)
sight '

( )
I

Tap,
= I ( Tg -

Tpa )
-

o=nF~=-27
"



S = folk f - F F
"

F"

yeah ,
+ y ,

A' J
" ]

• Symmetries S [ A ,T ] = 5 [ A
,

I ]

- translation. Fica ) = At CH ) yr = Team

5- N
CI ) = JV Cx )

-

Lorentz -

Arcy , = I u
AIM

ITI ) -

-
Mr six ,

I ! Mxr

• Gange inv
. A

,
→ An t 2nd

yep +
IT = o

s → S + Sdk (za )JM = s - Jd 't a 2¥! charge
conservation



Giese: Using
'

Fru = In Ar - Ay with An = ( &
,

A )

show
that

2nF : . 5 ⇐ f
I Eve

BxB = I +
JI
2T

InFu ,
=o

⇐ , {
5.15=0

Ext - i 372=0



Wisdom of  the day

Financial Independence

Read more at: www.mrmoneymustache.com
www.mustachianpost.com

FIRE 4% rule


